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Yau Conjecture 1982 Given M g closed manifold

7 ly many closed embedded smooth min hypersurfaces

Motivation Almgren Pitts theory Sacks Uhlenbecktheory
codim 1 case dim 2 surfaces

embedded immersed

h 1 closed geodesics on closed surfaces

Birkhoff S2g contains at least one non trivial closed geodesic

key Difficulties
1 If Sig has K 0 then stable closedgeodesic

2 IT S2 o non contractible loops

minimization approach DOES NOT WORK

Idea Need a new way to produce unstable critical points
D min max theory

Maia Mountain pass Lemma
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In our case to find closedgeodesics on CS g we consider

Length L f doseind EPS IR o

functional
co dim N

Remark A path in space is a 1 parameterfamily of closed loops
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sweepoutstandard
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non trivial
1hm Birkhoff 1917 I closed geodesic 8 in CS g s t
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CSF
Idea of Proof Apply the Curve Shortening Flow simultaneously

to all the curves Cs sea in a sweepout

Cs

il Itafter time t

sweepout
sweepout
Cs second

Grayson 1989 For CSF ofembedded loops on a closed surface

either i loop shrinks to a point in finite time
08 Lii Loop converges to a closed geodesic as t too



deg f I Some Cs does NOT shrink to a point

ByGrayson Cs geodesic non trivial
b

Remark Birkhoff did not have CSF available at that time

he used an ad hoc discrete cure shortening process

Q what about in higher dimensions

New Difficulties
regularity of min surfaces

mean curvature flow develop singularities

Almgren Pitts Min Max Theory

Q How to produce vaniationally unstable k dim minimal

submanifolds in CM g

Recall Integral currents in M BN

Def'd Zuk M z the space of k din't integralcycles in M

with the flat topology

Recall I 2z E 2 h M Z are close in flat topology

2 if 7 Kei dim't integral current 52 in M

p Ez St 252 I Ez VolCR is small

Fast flat topology weak topology

Q what is the topology of 2h Miz

Almgren computed all the homotopygroups of Zk Miz
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Tle 2him 3 I Hate Miz for all e k

In particular
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Suppose 3 Ent l E 7 Then I disjoint collection of

smooth adosed embedded min hypersurfaces I Ig of M

St W M Area Ee t Mg Area Eq for somemi EIN

I
z E3

m

cm gg



Remarks cis isoperimetric ineq W z O

existence of ONE nontrivial min hypersurface

Cii Almgren proved only the existence in any dimensions

codimensions in the sense stationary integral vanifolds

Ciii Regularity in dim 1 case by Pitts ntl EG SchoenSimoni

Civ for ntl 38 the same result holds except that Ei's

may have a singular set of codin 37

Caf related to regularity of stable min hypersurface

Schoen Simon 81

v For htt 2 the Almgren Pitts theory may not produce
closed geodesics but stationary geodesic networks

E.g

The proof of Min Max Thun consists of 2 parts

I Existence
I non trivial weakly defined hypersurface which is

minimal in the sense of varifolds

Tt Regularity

the Min Max vanifold enjoys nice variational property called

almost minimizing property which shaves similar regularity
properties with stable min hypersurfaces



Some Remarks

f Recall 1M of currents is ONLY lower semi continuous i e

Ti T 1M T f liminf 1M Tii co
as currents

0 K for minimization
mass Not O K for min max
cancellation s 4

Ti T Construction
may occur

Solution Consider vanifolds in the measure theoretic sense

Drealmass for varifolds
are continuousfunctional
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